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Fig. 2 Dedamper response vs frequency ratio.

could be constructed with precisely equal spring constants in
the two directions, then the Coriolis forces acting during
vibration would suppress the resonance in a spacecraft for
which C<A. However, if the spring constants are even
slightly different, then this interaction with Coriolis forces is
not perfect and a resonant condition indeed occurs. This
behavior is illustrated graphically by examining a combined
response parameter vs frequency as determined by digital
computer simulation of the complete, linearized equations-of-
motion (Fig. 2). At a.-1, the sharp resonance is indeed sup-
pressed, which could lead an unwary analyst to conclude that
such a system has no resonance and therefore poses no
problems with regard to dedamping or excessive structural
deflections. This phenomenon is just one more example of a
situation in spin-stabilized satellite dynamics in which treating
an apparently simple case can lead to erroneous conclusions.

Conclusions
A two-DOF system mounted on a spin-stabilized spacecraft

and whose motion is in a plane normal to the spin-axis
exhibits the phenomenon of "frequency splitting," which
results in its possessing two natural frequencies. However,
only one of the frequencies can be in resonance with the
nutation rate on any specific spacecraft.
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. bustor is generally determined by evaluating the rate of
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growth or decay of a small-amplitude oscillation inside the
combustor. A common representation of the behavior of the
combustor pressure disturbance, in terms of a net growth-
decay coefficient agd9 is

pj(z,i)=.P(z) €* (1)

In this representation, the growth or decay of the disturbance
is determined by the sign of the coefficient agd. It can be
shown, * that otgd can be expressed as

where the components a,- describe the contributions of the
various relevant engine processes (e.g., combustion process,
nozzle, etc.) to motor stability. Consequently, the effect of
any particular process upon engine stability may be evaluated
by investigating the manner in which the a, which pertains to
the process under consideration depends upon relevant engine
design parameters. This Note is concerned with the deter-
mination of the dependence of nozzle damping, described by
the nozzle decay coefficient av, upon the nozzle submergence
into the combustor of a solid rocket. This investigation has
been motivated by experimental evidence2 indicating that the
submergence of a nozzle into the combustor resulted in a tran-
sition from a stable to an unstable operation in an ex-
perimental engine. Since submerged nozzles are currently in
use in solid rocket motors, it is of importance to develop an
understanding of the causes of such a behavior so that it
would not occur in future rocket motors.

In a typical application, as shown in Fig. 1, a submerged
nozzle is recessed into the combustion chamber where it is
surrounded by the solid propellant grain. After ignition, the
regression of the burning propellant surface results in an in-
crease with time of both the depth of the cavity surrounding
the nozzle and the flow rate of combustion products from the
cavity into the main chamber. The effect of the nozzle cavity
depth and the flow rate issuing from the cavity of a typical
submerged nozzle configuration upon the nozzle admittance
has been experimentally investigated.3 It is the objective of
this Note to determine the characteristics of the decay coef-
ficient for the submerged nozzle from the measured nozzle ad-
mittance data. The following discussion will demonstrate the
necessity to take into consideration the "reversed" cavity
flow at the nozzle entrance plane while computing a.v for a
combustor with a submerged nozzle.

The growth or decay rate of a small amplitude oscillation in
a cavity with mean flow has been considered in detail by Can-
trell and Hart.4 Using the mass, momentum, and energy con-
servation laws, and assuming that all wave-energy addition or
removal occurs at the cavity's boundaries, they derived an ex-
pression that relates the growth or decay rate of the chamber
oscillation to the conditions at the cavity's boundaries. In the
evaluation of the nozzle decay coefficient aN, it is customarily
assumed that the nozzle is the only wave-energy loss
mechanism present in the system. Under these conditions, the
surface integration indicated in the Cantrell and Hart result is
to be performed over the nozzle entrance area only. In this
situation, the Cantrell and Hart expression for aN reduces to
the following form.3

NOZZLE ENTC/YICE PLANE

Fig. 1 Schematic represen-
tation of a submerged
rocket nozzle. Chamber
cross-sectional area = Sc;
cavity entrance area =SS;
nozzle entrance area =SN.
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where

>=<[
J combustor volume r — —

(3)

and n is a unit normal vector pointing out of the combustor.
The notation < > is employed here to denote time averaging.
An examination of Eqs. (2) and (3) indicates that the acoustic
mode structure (i.e., the pressure perturbation pl and the
velocity perturbation i/y) and the steady-state flow properties
such as the Mach number M, density p, and the velocity of
sound c must be known for the evaluation of aN.

To determine the attenuation of a disturbance in a com-
bustor with a submerged nozzle, the flow behavior in such a
combustor is approximated in this investigation by the
velocity profiles shown in Fig. 1. In this figure, MN represents
the effective mean flow Mach number entering the nozzle,
Ms represents the effective mean flow Mach number of the
flow leaving the cavity and entering the main chamber, and
Mc represents the effective mean flow Mach number of the
primary flow in the chamber. The magnitude of the nozzle ef-
fective mean flow Mach number MN is chosen to satisfy the
steady-state mass conservation equation for the flow con-
figuration shown in Fig. 1. Recognizing that this steady-state
flow representation is at best only an approximation and
assuming that the oscillations in the combustor are one-
dimensional, the application of Eq. (2) to the flow represen-
tation shown in Fig. 1 results in the following expression for

V=-[(SC+M2
NSN+M2

SSS

<P2i>(MNS»-MSSS)( pc (4)

In deriving Eq. (4) the relationships MN-n=MN, Ms-n
= —Ms and #/.>* = «; have been used. To evaluate the
volume integral, defined in Eq. (3), the reverse flow in that
part of the chamber near the cavity entrance is neglected and
for a one-dimensional oscillation Eq. (3) reduces to

2pc2 ulPl \ dz> (5)

where L c is the chamber length.
The time and space integrations indicated in Eqs. (4) and (5)

can be performed only if the time dependence and mode struc-
ture of the oscillations inside the combustor are known. The
required expressions are obtained5 by solving the system of
conservation equations that describe the behavior of small-
amplitude, one-dimensional disturbances that are superim-
posed upen a steady one-dimensional flow inside a simulated
rocket combustor. These acoustic solutions are then required
to satisfy the admittance boundary condition at the nozzle en-
trance plane. The resulting expressions describing the time
and space dependence of the pressure and velocity per-
turbations inside the simulated combustor are:3-5

Pl(z,t) = ypAei("t+az}cosh (3>-

where

(6)

(7)

(8)

R = co/c
(J-M2) ' ——

R (9)

and A = constant. The parameters a. and ft that appear in Eq.
(8), respectively, describe the changes in amplitude and phase
between the reflected and incident pressure waves at the noz-
zle entrance plane. In addition, they describe the admittance
yN at the nozzle entrance plane as evident from the
following relationship3'5

Uj
——pc=coth
Pi

(10)

where 1/pc is the characteristic admittance of the gas medium
at the nozzle entrance.

Substituting Eqs. (6) and (7) into Eqs. (4) and (5) and per-
forming the indicated space and time integrations, the
following expression for the nondimensional nozzle decay
coefficient, AN, for a combustor with a submerged nozzle is
obtained

(MNoN-Msos)
[L+MC tanh(27ra)] (H)

where aN = SN/Sc is the nozzle open-area ratio and as = Ss
/Sc = (1 — ON) is the cavity open-area ratio. An examination
of Eq. (11) indicates that for the case under consideration, the
nondimensional decay coefficient of a submerged nozzle is a
function only of the mean flow Mach numbers MN, Ms, and
Mc, the ppen-area ratio as of the cavity and the admittance
parameter a. which describes the "average" amplitude at-
tenuation provided at the nozzle entrance plane. When no
cavity flow is present in the system (i.e., ^4S — 0) Eq. (11)
reduces to

MNaN+ [(l+M2
N0N)/2]tanh(27ra)

[7+Mctanh(27rcO]
(12)

A comparison of Eq. (11) with Eq. (12) indicates that the
presence of a cavity "reverse" flow added two terms to Eq.
(12). The first of these terms, namely Msas, results in a
decrease in nozzle damping while the second term — l/2M2

sas
tanh(27To;) results in an increase in nozzle damping.
However, from an order of magnitude consideration, it is
evident that the first term is larger than the second term.
Hence, it can be observed that the presence of the "reverse
cavity" flow reduces nozzle damping and thus decreases
engine stability.

To illustrate the application of Eq. (11), the characteristics
of the decay coefficient of the submerged nozzle con-
figuration tested in Ref. 3 have been calculated. The test con-
figuration of Ref. 3 had a short submerged nozzle and the ad-
mittance boundary conditions at the nozzle entrance plane
were determined with MN = 0.08 and the cavity-to-chamber
flow rate ratio varying between zero and 25% in steps of 5%.
The cavity depth was also varied from zero to 24 in. beyond
the nozzle entrance plane (i.e., see Fig. 5 of Ref. 3 for details).
The admittance of the submerged nozzle configuration was
measured using the modified impedance tube technique. An
examination of the measured admittance data (see Ref. 3) in-
dicate that both the cavity depth and the cavity flow rate have
a negligible effect upon the measured value of the parameter
a. Using the available experimental data together with Eq.
(11), one is led to the conclusion that for a given cavity flow
rate (i.e., given M5) the cavity depth has a negligible effect
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Fig. 2 Effect of
cavity flow on the
decay coefficient of
submerged nozzle
configuration of Ref.
3.

upon the nozzle decay coefficient AN. However, for a given
cavity depth, it can be observed that the nozzle decay coef-
ficient AN depends upon the cavity Mach number Ms, and
hence upon the cavity flow rate. To illustrate this dependence,
the magnitude of AN for the submerged nozzle configuration
studied in Ref. 3 has been computed and the data are pre-
sented in Fig. 2. Also presented in .this figure is the percent
reduction in the value of AN with increase in cavity flow when
compared with no cavity flow in the test configuration. An
examination of this figure indicates that, for example, when
the cavity-to-chamber flow rate ratio is increased from 0 to
15%, a 10% reduction in AN is observed. Suppose a given
rocket motor, when using the nozzle under consideration
without submergence was found to be marginally stable, then
submerging this nozzle into the rocket combustor would un-
doubtedly result in a transition from stability to instability,
due to the reduction in the effective nozzle damping.

The main conclusion that follows from this study on sub-
merged nozzles is that the presence of the ''reverse" cavity
flow reduces the effective nozzle damping. This reduction in
the damping capability of the nozzle offers one possible ex-
planation to the observed2 decrease in the stability of an ex-
perimental solid rocket motor when the nozzle was submerged
into the combustor.
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I. Introduction
*HE theory of differential and integral inequalities
provides a method of constructing bounds to the solution
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for a wide range of engineering problems. The texts of
Walter, 1 Protter and Weinberger,2 and Lakshmikantham and
Leela3 summarize the major theorems and contain numerous
references. In theory it is possible to construct both upper and
lower bounds to the solution for certain classes of partial dif-
ferential equations and to systems of ordinary differential and
integral equations. In practice it is not a simple matter to con-
struct such bounds.

In the present Note a procedure is sought which directly
yields such bounds for an arbitrary system of variable coef-
ficient linear differential equations, such that upper and lower
bounds agree to a prescribed number of digits. An efficient
means of refining these bounds is then required. To illustrate
the procedures which are developed, bounds on the buckling
load and the buckling shape of a varying geometry column
will be obtained.

The theory of differential and integral inequalities applies
primarily to initial value problems. Since the transfer matrix
method, which has been applied to a variety of engineering
problems,4"6 converts a two point boundary value problem to
an initial value problem, the inequality theorems directly ap-
ply to linear structures with varying geometry. The inequality
theorems have not been developed sufficiently to allow the
construction of bounds to two point nonlinear boundary
value problems except for special classes of problems.

It is evident from the literature that few engineering ap-
plications of the inequality theorems have been carried out.
This is partially due to a lack of direct procedures for con-
structing such bounds. Also, one may suspect that the extra
computational effort involved in producing such bounds does
not justify the convenience of having such bounds. Actually,
the generation of bounds can lead to computational ef-
ficiency, which is obtained by using limited accuracy in-
termediate computations. The accuracy of the final com-
putation can be judged by the number of places of agreement
of the upper and lower bounds of that solution.

Some applications of the theory of inequalities to boun-
dary-layer flow,7"8 flow of viscous fluid in a narrow slit,9 and
heat conduction,10 have been accomplished. In general, high
precision in the results was not demonstrated. In more recent
articles11'12 quite accurate bounds have been obtained by
using differential inequalities. Reference 11 computed upper
and lower bounds to the response of a nonlinear single degree-
of-freedom system which gave good agreement of the bounds
(7 or more digits) over the range of computation. This ap-
proach does require considerable computation to obtain the
required bounds. Reference 12 avoids this difficulty for a
specialized system of differential equations associated with
the analysis of beams with varying geometry. Rough
analytical bounds were improved by Picard iteration to obtain
good agreement (4 or 5 digits) between the upper and lower
bounds for the required transfer matrix elements. Both upper
and lower bounds on the transfer matrix were computed in
less time than required for a standard Runge-Kutta procedure
to obtain a numerical transfer matrix. Bounds on the solution
state vector were also in agreement to 3 or 4 places. We hope
to demonstrate the same computational efficiency in ob-
taining bounds for a more general system of equations con-
sidered following.

II. Application of Differential Inequalities

Consider a variable coefficient linear differential equation
of the type •

(1)

(2)

d/dx[T(x)] = [

with initial conditions [T(0)] = [f\

The desired solution to the previous equation is the transfer
matrix [T(x)]. [T(x)] exists and is unique if the elements of
1/4 (*)] are piecewise continuous and bounded. The elements
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